, the polycyclic length is at most |(19?z -8) + m. The second corollary shows that if G is an abstract finite solvable group, whose Sylow ^-subgroups are of order p m , then the polycyclic length of G/0 P '(G) is bounded by |(25m -8) .
In what follows, Fit G denotes the Fitting subgroup of the group G, and 0 P (G), and (V(G), denote the unique maximal normal ^-subgroup, and p ! -subgroup, respectively.
The results presented here are taken from the author's Ph.D. thesis, presented at Carleton University under the direction of Professor J. D. Dixon.
braically closed field, then p(G/ZG)
^3n-2.
Proof. Since G is polycyclic, it is solvable. If G is equal to its centre, then the bound holds, trivially, and if G is not equal to its centre, then Fit G 9^ ZG. By [4 
since n is prime. Thus p(G/ZG) ^ 4, 6 or 7 when n = 2, 3 or 5 respectively, and hence p(G/ZG) is at most Zn -2. The case n = 1 does not occur, since Fit G 7^ ZG. If n = 4, then G/Fit G is isomorphic to a subgroup of Sp(4, 2), which in turn is isomorphic to the symmetric group 5 6 [1, Chapter 5] . Now, instead of considering only 5 6 , we can apply the following result. LEMMA 
If Gis a permutation group on r letters with s orbits, then the composition length of G is at most
If G is transitive and imprimitive, then there exists an intransitive normal subgroup H of G, with k orbits, and G/H is isomorphic to a subgroup of the symmetric group S k , for some k satisfying 2 ^ k ^ n/2. Therefore, by induction, and using the result in the intransitive case,
If G is primitive, let if be a minimal normal subgroup of G, and P^la Sylow ^-subgroup of M. Since AT is a direct product of isomorphic simple groups, P also is a direct product of groups and c(M) ^ c(P). If N = N G (P), then G = ATTV by the Frattini argument, and hence 
for all p and all k ^ 2, except £ = 2, i fe = 2, 3, 4, 5, and £ = 3, k = 2, 3. Therefore, except in these cases, we have
We finally consider the exceptional cases. If p = 2 and & = 2, then G is a subgroup of the symmetric group 54, and hence the composition length of G is at most 4 = (4/3) (r -1). In the remaining cases, we know that \G\ divides
and hence c(G) is bounded by the number of prime divisors of £*|Aut M\\, counted according to multiplicity. Thus, for p = 2, k = 3, 4, 5, and for p = 3, ft = 2, 3, it is easily verified that c(G) < (4/3) (r -1). To see that the bound can be attained, let H 0 = 5 4 . In general H t^i is a permutation group on 4* letters and H t is the wreath product of i^-i and S4, as defined in [7, p. 81] . Thus H t has a normal subgroup K isomorphic to the direct product of four copies of i2"«_i, and H t /K is isomorphic to S 4 . Therefore, H t is a permutation group on 4' +1 letters, with one orbit, and by induction on t it is clear that The direct product of 5 copies of H t is isomorphic to a permutation group on 4 H~1 s letters, with 5 orbits, and it is easily seen that the composition length of such a group is s.c(H t ) = (4/3) (r -s). LEMMA 
If G is an irreducible polycyclic linear group of degree n over an algebraically closed field F, and the centre ZG is finite, then p(G) ^ i(19w -8).
This bound is attained, by suitable finite groups, whenever n = 2 • 4* for k = 0, 1,2
Remark. If ZG is not finite, then, since it is isomorphic to a multiplicative subgroup of F, it is not necessarily cyclic.
Proof. When n = 1 the result holds, so we proceed by induction on n. Since G is irreducible, ZG consists of scalar matrices. Hence, since ZG is finite, by assumption, it is cyclic. Now if G is primitive, then by Lemma 1, 
P (G) S P(ZG) + p(G/ZG) S
1 + (3n -2) g J(19» -8) for n ^ 2.
P(H) < é P(#<).

Since each H t (i = 1, . . . , d) is linear of degree n/d, it follows from the induction assumption that p(H) is at most (d/6) (19(w/d) -8). Consequently p(G) < | (l9 (-j) -g) + (4/3)0 -1) = (1/6)(19» -8).
In section 4 Examples, we will construct a family of groups to show that this bound can be attained. The construction used also provides examples for the theorem below. Proof. G is completely reducible, so there is no loss of generality in assuming that the underlying field is algebraically closed, since the number of irreducible components can only increase if the field is extended [5, 2.10] . If G is irreducible, then the result follows from Lemma 3. If G is reducible, then it is a subdirect product of irreducible linear groups Gi, . . . , G s of degrees Wi, . . . , n s respectively, where ]£î=i n f = n. Consequently 6)(19n -8s) by Lemma 3. The construction of examples, to show that this bound can be attained, is deferred until section 4.
The group of all 2 X 2 upper-triangular matrices with determinant 1, over the field of order p k , has polycyclic length k. Thus the assumption of complete reducibility, in the Theorem, is essential for the existence of a bound on p(G) that depends only on n. However, the following result is immediate. 
p(G) ^ p(N) + p(G/N) ^m + |(19n -8).
The following result is an easy consequence of Corollary 1, and is, perhaps, of independent interest. COROLLARY 
Let G be a finite solvable group. If p is a prime dividing the order of G, and the Sylow p-subgroups of G have order p m , then p(G/0 p >(G)) S *(25m-8).
Proof. Let P be a maximal normal ^-subgroup of Gi = G/0 p '(G), and \P\ = p mi . Thus mi ^ 0. Now Gi/P has a faithful representation on P/$(P), as a vector space of dimension ^ Wi, over the field of order p [6, 6.3.4] . This gives an inductive construction of the examples required for Lemma 3, and the Theorem.
Nilpotent groups.
In this section we restrict our attention even further and consider only finite nilpotent linear groups. We will use the following Lemma. LEMMA 
If G is reducible, then it is a subdirect product of groups Gi, . . . , G s where» for each i, G t is an irreducible linear ^-group of degree p k \ and X)*=i P ki = ^-Now, by induction,
P (G t ) ^ (p-i)-i(p.p*<-i)
for each i and, as we saw in the proof of Lemma 3, P(G) < É P(G<), so it follows that
) -s) = (p-\T\pn -s).
The following result is almost a triviality, and we omit the proof. Proof. If F has characteristic zero, or not dividing |G|, then G is completely reducible, by Maschke's theorem. The result then follows, from Lemmas 4 and 5, since G is the direct product of its Sylow subgroups. In the second case, the polycyclic length of the Sylow ^-subgroup of G is clearly at most m, and the remaining Sylow subgroups are completely reducible, so the result again follows immediately, from Lemmas 4 and 5.
